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for a fragment of PASCAL'
by
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ABSTRACT

A fragment of PASCAL is considered in which nested systems of
procedure declarations are allowed. Procedures can call parameters by
value or by variable. Three semantics for the fragment are considered -
two denotational ones and one operational and proved all three to be

equivalent.
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1. INTRODUCTION

Much work has been done on comparisons between various methods of
describing the semantics of programming languages. Without aiming at comple—
teness we mention the papers of LAUER [6], HOARE & LAUER [4], MILNE &
STRACHEY [7], MILNER [8] and STOY [9].

In this paper we focus on two methods of description ~ denotational
and operational semantics. The aim is to show that they are equivalent
for a fragment of PASCAL. The considered language (taken from
APT & DE BAKKER [1]) contains simple and subscripted variables, some simple
types of expressions, assignment, sequential composition, conditionals,
declarations of simple and array variables, systems of (recursive) proce-—
dure declarations and procedure calls. Procedures can call parameters by
value or by variable.

The paper is organized as follows. In sections 2, 3, 4 and 5 we define
the language and give definitions of two (different) denotational semantics
of it. This part of the paper is taken almost literally from APT & DE BAKKER
[1]. The two proposed denotational semantics differ only in the treatment
of procedure calls. In the first approach the meaning of a procedure call is
determined at the moment the call is encountered in the program text. In the
second approach the meaning of each procedure call is determined already at
the moment the procedure is declared. In order to ensure that in both
approaches scope problems are dealt with in a correct way we make extensive
use of substitution. Parameter mechanisms are treated by means of the tech-
nique of "syntactic application' by which a procedure body together with
the actuals of the call are mapped to a new piece of program text. In both
approaches the meaning of a procedure call is determined by a suitable combi-
nation of the least fixed point technique and the technique of syntactic
application.

Having defined both semantics we show that they are equivalent. The
proof of their equivalence is presented in section 6. It uses the equiva—
lence between simultaneous and iterated 1.f. points. An important notion
which turns out to be useful is that of the depth of a statement S which
corresponds to the level of nesting of procedure declarations within S.

In section 7 we define an operational semantics for our language. It

is defined in the style of COOK [3] (Cook while giving his definition



credits it to LAUER [6] and HOARE & LAUER [4]) although declarations and
procedure calls are treated in a different way. A careful reader will ob-
serve that our operational semantics bears a strong resemblance to the first
denotational semantics. CQur intention was to define denotational and opera-
tional semantics in such a way that the proof of their equivalence could
reduce to the essence of the problem while avoiding tedious, but straight-
forward, considerations.

The proof of the equivalence (in an appropriate sense) of both seman-
tics is presented in section 8.

In order to show that operational semantics i1s included in the deno-
tational one we use computational induction applying the results proved in
section 6. To prove the converse inclusion we are forced to consider
nested sequences of systems of procedure declarations. By looking at the
definition of the meaning of procedure calls we see that the nesting is
reflected in the use of iterated least fixed points. When considering the
approximations of the appropriate 1.f. points we come to somewhat complicated
iterated approximations. We prove the desired inclusion bv induction on the
so called information sequences which we associate with the iterated
approximation and a statement In question.

It is to be hoped that the proofs of this paper will shed some light
on the difficulties arising when considering nested systems of mutually
recursive procedures.

While writing this paper the work of STOY [9] came to our attention.
Stoy proves equivalence of denotational and interpretive semantics of a
language incomparable with ours. Since in his language procedures are

Ilowed as parameters he inevitably lands in the realm of reflexive domains.

a
Stoy's paper provides an introduction to the techniques developed by Milne
and used in MILNE and STRACHEY [77.

ACKNOWLEDGEMENT. T express my gratitude to J.W. de Bakker who introduced
me to the field and whose willingness to help and patience enabled me to
enter the subject. The work on the joint paper APT & DE BAKKER [1] and

further discussions with him provided the basis to this work.



2. DEFINITION OF THE LANGUAGE

We start with the following classes of symbols:

SV = {x,y,2,...1 - simple variables
AV = {a,b,...} - array variables

PV = {P,Q,...} - procedure variables
C = {a,m,...} - integer constants.

For later use we assume these sets to be well-ordered.

We now define the classes IV (integer variables), IE (integer expres-

sions), and BE (booclean expressions) as follows:

IV (with el. v,w,...) vi:=x|alt]

It

IE (with el. s,t,...) t::= vinlt, +t

l 2[.--
truelfalseltl=t2|1p|...

[

BE (with el. p,q,...) p::

Finally we introduce the class of statements S using auxiliary

classes Rl, Rz, RB, E and PB defined as follows:

1

S::= Rllvar x3;R (s €9
)
Rl: = R |array a;R2 (R1 € R])
2
R%2::= ROIE;RD R ¢ RY)
R3::= v:=t|R?;Rzli£ p then R? else Rg fi|P(t,v)|begin S end (R3 € RB)
E::= PﬁBIEl,EZI (E € E)
(where it is required that in each declaration
Plcal""’Pnan Pi # Pj for 1 < i,j <n, i # 3)
B::= <val x;val y|S> (where x # y) (B ¢ PB)
REMARKS .

(i) The construct P <« <val x;var y|S> corresponds to the PASCAL procedure
declaration procedure P(x:integer;var y:integer);S.

(ii) Separate treatment of the begin S end case, being trivial, is always
omitted in the sequel.

(i) The above defined language is essentially a subset of PASCAL (apart
from the begin S end construct which ensures that the outcome of syn-

tactic application (see section 4) is a correct statement).



{iv) For technical reasons we allow the empty system of procedure declara-
tions.

(v) All consideration of this paper can be trivially extended to the case
of, possibly empty, lists of variable declarations, array declarations,
or formal parameters (this fact is implicitly assumed in the defini-

tion of syntactic application in section 4).

3. STATES AND ENVIRONMENTS

Let I = {y,v,...} be the set of integers and A = {a,B8,...} an infinite

well-ordered set of addresses. Let

I=A-1

Var = SV u (AVxT)

and let Env be the set of all e: Var 53?? A such that

i) e is 1-1

ii) {x € SV: ¢(x) is defined} is finite

iii) {a € AV: for some u e((a,u)) is defined} is finite

iv) for all u,v and a e((a,u)) is defined if e((a,v)) is defined

v)  A\range(e) is infinite.

The elements of I(o,0',...) are called states and the elements of Env are
called environments.
For any ¢ ¢ Env, y ¢ SV s.t. y ¢ dom(e) and o € A s.t. o ¢ range(e), we
write ¢ U <y,a> for the extension of ¢ yielding o when applied to y. Similar-
ly we write ¢ u <<a,u>,av>v51 for the extension of ¢ yielding o when
applied to <a,v> (v ¢ I).
For any 0 € I, u e T and o ¢ A of{u/a} is the state s.t. o{u/a}(B) = u
if § = a and o{u/a}(8) = o(B) otherwise.

We introduce the mappings

L: TV » (Eaux - A)
Re TE » (Eavx® - 1)
T: BE » (Enux T

(7 g 3 . .
(left=hand value of an integer variable)
(right-hand value of an integer expression)

~AT,F1) (value of a boolean expression)

defined as follows:



L}

L(x) (e,0)
R(v) (e,0)
R(n) (e,0)
R(tl+t2)(e,0) = R(tl)(e,a) + R(tz)(e,o),...,
T(true)(e,0) =T, T(Eg{gg)(&,s) = F,

T if R(tl)(e,c) = R(tz)(s,c)

e(x), L(alsD)(e,o0) = e(a,R(s)(e,0))
o(L(v) (g,0)),

u (where u is the integer denoted by n)

it

T(t1=t2)(s,o) = {
F if R(tz)(e,o) # R(tz)(s,c)

T(p)(e,o) = T(P)(e,0)yen. .

4. SYNTACTIC SUBSTITUTION AND SYNTACTIC APPLICATION

In order to insure that during the semantical considerations scope
problems are treated in a correct way we make an extensive use otf substi-
tution.

An occurrence of a single variable x in a statement S is bound when-
ever it is within a substatement of S of the form var x;Rl or <val x;vary|S>
or <val zjvar x|[S>.

An occurrence of x in S is free if it is not bound.

We define a substitution of an integer variable v for a simple

variable x in a statement S, written as S[v/x], as follows:

(we=t)[v/x] = wlv/xJ:=t[v/x]

(R?;Rg)[v/x] E R?[V/X];RBEV/X]
Plt,w)lv/x] = P(tlv/x],wlv/x])
(Xizy;Rl)[v/x] = Xiiy;R] , if x =y
XiEy;R][V/XJ , 1f x # v and y not free in v,
() Xigy';Rl[y'/y][v/x] , if x # y and y free in v, where y'

is the first simple variable s.t.

. 1
y' # x and y' not free in R or v.



ty

<val z; var yl|S>[v/x] = <val zjvar y[$> ifxZzorx=y
<val zivar v|S[v/zl> if x # z, x # y and z and vy
not free in v

z gimilar to (%) otherwise,
The other cases are left to the reader.

Mutatis mutandis we define S[b/al, S[Q/P] and S[Q/P] (where Q and P
are sequences of procedure variables). By convention each occurrence of Pi
{1 €1 ¢n) in E or E;RB, where E = <Pi¢%i>?=l, is bound.

In order to insure that the parameter mechanisms are dealt with in a
correct way while defining a meaning of procedure calls we make use of the

technique of "syntactic application".
For each procedure body B we define its syntactic application Blt,v]
to the actuals t and v (corresponding appropriately to the formal value

and formal variable parameter) as follows:

(<val xjvar yl$>)[t,z]

H

var uju:=t;begin S[u/x]1[x/yJend,

(<val xjvar yiS> [t,als]] = var ul,uq;u1:=t;u2:=s;begin S[u]/x][a[uz]/y}end,

where it is required that u is the first variable # x,y and not free in

S, t or z (analogously for ul,uz). Observe that

(1) this definition implies that the actual value parameter t is indeed
evaluated before execution of S;

(ii) the precaution with the fresh u is necessary since a definition like
var x;xi=tj... might give a clash between the local x and possible
occurrences of x in the actual t (cf. ALGOL 60 report, 4.7.3.2 or
[5] p.18):

(iii) the two possibilities for the actual variable parameter v are
- v Iz, a simple variable. Call-by-variable then coincides with

the ALGOL 60 call-by-name.
- u = als], a subscripted variable. Then s is evaluated (and stored

in u2) before execution of §.

5. DENOTATIONAL SEMANTICS

et H = TEx IV~ (Envx 3 55;; L} For n,n' ¢ H define



ncn' iff Vt,v( n(t,v) < n'(t,v)).

< naturally extends to a partial ordering on H® (n=0).
If &: H > H® then pd denotes the least element ﬁ of H™ such that
®(m) = n. ud exists if ¢ is monotonme. Let © = PV -~ H. For each 8 ¢ O,

n = (n],...,nn) e H' and P = (Pl”"’Pn) where P s++.,P are some different

1
procedure variables, let

_ n. if P = P,
o{n/B} (@) = { t *

8 (P) otherwise.
We now define M: ExS~ (0> (Envx g EE;? %)) as follows:

M(E|v:i=t) (8) (e,06) = o{R(t) (e,0)/L(v)(e,0)}

MEEIRTRD) (8) (e,0) = MEIRD) (8) (e, MEIRD) (8) (£,0))

s 5 MEIRD (03 (2,0) if T(p)(e,0) = T
M(EIif p then R} elseRz_f_J':)(e)(e,o) = '

WEIR3) (0) (500 if T) (e,0) = F
M(Elvar x3R') (8) (e,0) = M(E IR [y/x1) (8) (eusy,a>,0),
(%) where y is the first variable ¢ SV not in dom(e), and o the first

address not in range(e)

M(E|array a;Rz)(e)(e,c) = M(EIRz[b/a])(e)(€U<<b,v>,av>v6130)
where b is the first array variable s.t. no <b,v> is in dom(e),
(*x)

and where the o, are chosen in some (unspecified but) unique way

from A\range (g)

M(EIPléﬁl,...,Pd=Bn;R3)(6)(e,o) =
ME,Q=8,[Q/F],...,Q B [Q/F1IR’IQ/RD) () (e,0)
where Q = (Ql""’Qn)’ P = (Pl,...,Pn) and Q]”"’Qn are the
first variables ¢ PV such that for each j = 1,...,n Qj does not

occur in E,P «<B ,...,P «B. or R3
171 n n

MEEIR(£,v)) (8) (e,0) = 8{ud™?/B}(®) (£,v) (e,0)
where E = <Pi=8.>? P = (Pl”'°’Pn) and @E’ : H™ > HT s
defined as 3E,0 () = (¢%,e(ﬁ),_._,¢ﬁ,8(ﬁ)) where for i=1,...,n

8
171=1°

¢§’e<n> = At"AvTMC 1B L', v' D) (BLR/ED

E,0

. E,B .
o] is clearly monotone, so ud ’ exists.



Observe that if P ¥ Pi for i = l,..,.,n then simply

M(EIP(t,v))(8) (e,0) = 8(P)(t,v)(e,0).

We now define a function MO: S+ (8 » (Enuxz EE;E 7)) which describes

a meaning of a statement S§ in a different way.

Mo(v:=t)(8)(t,c) = o{R(t)(e,0)/L(v)(e,0)}

3 3 3
My (R3R0) (8) (e,0) = My (R2) (8) (e, My (R)) (8) (£,0))

1
3

3 3 MO(R?)(Q)(E,G) if T(p)(e,0) =
Mo(if p then Rl elseR; fi)(8) (e,0) = { 3
- Mo (R (8) (£,0) if T(p)(e,0) = F

My (var xR (9) (c,0) = My (R [y/x1) () (eusy,a>,0)
where y and o are like in (%)

Hy(array a3R%) (8) (c,0) = My (R°Tb/al) (8) (cus<b,v>,0a > 1,0)
where <b,v> and o are like in (%)

MO(E;R3)(6)(£,G)

where E

Hy (&) (8 {u¥E /81 (e, 0)
<P.¢£.>?_ and P = (P,,...,P ) and WE’ : H® > HY s
1 1_1—1 B 1 n_
defined as ¥E»9(7) = (W%’e(n),...,W§’e(n)) where for i=1,...,n
?E’G(H) = At'xv'MO(Bi[t',v'])(ﬁ{ﬁ/?}). WE’e is clearly monotone.

8

MO(P(t,V))(S)(E,O) = 6(P)(t,v)(e,0).

Observe that the only difference between M and MO is in the treatment
of procedure declarations and procedure calls, M determines the meaning of
a call only at the moment when it is encountered in the program text,
whereas MO determines the meaning of each call already at the moment of
procedure declaration.

In the definitions of M and MO it is always assumed that ¢ is defined

on all simple and array variables which are free inE or S.
6. EQUIVALENCE OF M AND MO

Our first task is to prove that M and MO are equivalent in the sense

of the following theorem:



THEOREM 1. For all E € E, S ¢ Sand 0 ¢ 0
i) My(s)(8) = M( Is)(e)
ii) M(E!S)(8) = MO(E;begin S end)(8).

Before proving the theorem we prove a few lemmata. We first introduce the

following useful notion:

DEFINITION [. We define d(S) (depth of a statement S) as follows:
i) d(var x;R) = a@®))

ii) d(éggéz.a;Rz) = d(RZ)

1i1) d(E3R>) = d(E)+d(R%)+1]

iv) d(v:=t) 0

v AR)RY) = max(d(R)),d(RD))

vi) d(if p then R else R) i) = max(d(R),d(83))
vii) d(begin S end) = d(S)

viii) d(P(t,v)) =0

ix) d(El,Ez) = d(E1)+d(E2)

X) d(P=B) = d(B)+1

xi) d( ) = 0 (depth of the empty system of procedure declarations is 0)
xii) d(-val xjvar y|S>) = d(S).

d(S) corresponds to the level of nesting of procedure declarations within
the statement S.

By £(S) we denote the length of a statement S.

DEFINITION 2. Suppose that A ...,An are some well-ordered sets. Then {K

]’

is the following well-ordering on A]X...XAn:

(a],...,an) <£'(a;,...,a;) iff
Fi(l<isn A Vj(1<i<i > aj=83) A (ai<ai)),

4@ is called lexicographical ordering. Observe that the definition of the
meaning M(E[S)(8) was given by the <(~inductiun with respect to

(d(E)+d(8),2(S8)).

LEMMA 1. Suppose that Y: otk oo and Q: TEALIRTE (n,k 2 0) are monotone

. - n
functions. Let for all noe H



o(n,n n_ D,

d(n) = ¥{n,ulin ne1?e o Mhsk

"
,n+l)-uo, $n+k
Then

u(¥,n) = (pt,p(?tn+],...,ﬂ

Llud,yn
I'H"ky (uw 9 1
Observe that the above lemma is theorem 3.2 from [2] (p.24) though in

a slightly different formulation.

LEMMA 2. Let E and E' = <P,eB.>"  be given systems of procedure declara—
1 11 e

=]

tions. Thew
M(E,Q =B, [Q/?1,... ,Qne=sn{a/§1;s{6/§3) (8)
= M(E,Q[«B,[Q/B],...,Q'=B [Q'/P1IS[Q'/B]) (8)

for every 8 ¢ 0, S ¢ S and sequences Q =(Q1"'°’Qn) and Q' = (Q;,...,Q;)

such that for j = l,...,n Q. and Qg do not occur free inm E, E' or S.
: J

PROOF. We leave it to the reader. Proof proceeds by'ﬁﬁ—induction wW.T¥.t.

(d(E,E")+d(S),€(S)) and is straightforward, though details are ted:ious.

LEMMA 3. Let E = <P,eB,>0  and E' = <p.e=p, >0 ¢ (n,k 2 0) be given systems
— 1 1 1=] ] j=n+l

e

of procedure declarations such that for j = n+l,...,n+k Pj does not oceur
in E. Then for all S ¢ S and 8 € @

i) M(E,E'IS)(8) = M(E'IS) (8{us®>P/P1) wheve P = (PlseeesP)

11) M(E[S)(8) = M(E,E'[S)(8) under the asswmption that for

] o= ntl, ool ntk Pj doeg wnot oceur in S.

What we need for our considerations is the property i). However the
proof of 1) uses the property ii) and, what is worse, the proof of ii)
uses 1). We prove i) and ii) simultaneously by <£-induction with respect
to (d(E,E")+d(8),{(S)). The apparent circularity in the proof is avoided
thanks to the observation that 1) can be proved due to inductive assumption
about 1) and ii), whereas ii) follows from i), which at this moment is

already proved, and the inductive assumption about ii).

PRUOOF. Let © and S be arbitrarily fixed. Assume that i) and ii) are true

for all El,E;,S] and e satisfying the assumptions and such that



11

(d(E;,ED+A(S)),L(8))<, (d(E,E")+d(S),L(5)).

We prove at first i),
We have to consider various cases depending on the form of S. All cases

follow straightforwardly from the inductive assumption with the exception

of two.

CASE I. S is E”;R3 where E" = <Qi¢B£>?=l € £ (m 2 0) and R3 € R3.

Let Q = '(Ql,...,qn). Then M(E,E"|E";R3)(9)

= (by definiton)
M(E,E', Q81 (3" /A0, ..., Q!=B (" /AT IR°TQ" Q1) (8)
where Q' = (Q',...,Q%) and Q',...,Qé are the first variables ¢ PV
s.t. for i = 1,...,m Qi does not occur in E,E',E" or R3
= (by inductive assumption)
M(E',Qj«B1[Q"/QJ,...,Q'=B! [Q" /AR /Q])(e{wD »9/8}), since
d(E,E' ,Q <B’ [Q /q3, --,Q'¢$ [Q /Q])4'd(R [Q'/QD
- d(8,E" E") a3 = QE,E) + d(EM + d(RD) < d(E,E') +d(s),
so for E] =E, E} =E', Q=B8] [Q /Q1,. ..,Qmeﬁm[Q /Q1
and S —-R [Q'/Q] i) holds
= (by lemma 2)
HCE',Qp=B][Q" /AT, - ., QB [Q"/QT IROLT"/QD) (a{ue™>* /B D)
where Q" = (Q],...,Q") and Q],...,Q; are the first vagiables e PV
s.t. for i = 1,...,m Qg does not occur in E',E" or R
= (by definition)
NCE'1E";RY) (alue®2 8 /B )) .

CASE II. S is P(t,v) for some P ¢ PV, t € TE and v € IV. Then by definition

ME,ET B (E,v)) (8) = 8{ue™E 20/ (R .. P )3(®) (6,) and

n+k
MEET 1P (e,v)) (0{pet29/B)) =

E' 9{u<1> ’ /P}

E,6
8{ue™> /(P , .. ,B ) Huo JCB s e s TR (£,9).

n+k

Thus it is enough to prove that

6 E',0{uo>2%/B)

E,E',0 E
o= (ue T, e

(1) ne ).

We have for all n ¢ H™ and i = l,...,n



= (by inductive assumption)

it'%v'H(E‘jBi(t',v'j)(B{;iﬁ}), since

#

d(E’)+d(Biﬁt',v']) d(E'}+d(Bi3 < d(E,E")+d(8),

so for £, empty, E} = E', § = B.[t',v'], 8, = o{n/P]
i1) holds.
= (by inductive assumption)

E',8{n/P}

At v Th( iBi{tr,vv})(e{E/E}{ué /(Pn+l,...,Pn+k)}),since
d(EN)+d(B,[t",v"]) < d(E,E")+d(S), so for E = E',

E; empty, S, =Bi{t',v'], 8, = 6{n/P} i) holds.

-
= (bv definition of ¢$’E )0

)

i

¢§,E’,G(E,MQE',S{n/P&).
i
n+k

Hn+k

Define %: H ~ H" and Q: - Hk as follows:

- E,E',8 - E,E',8 -
O T YN ENE o
, . where n « Hn+k
- E,E',8 - E,E',8 ~
O = &0 9 Sl ] 9
Q(n) (*n+l (ﬂ),...,§n+k (n)).

So we have just proved that for all n ¢ H"

| E.5 - ~ B aiT/B
2) ) o= ?(n,u¢E ’U{H/P}).

Observe that for j = 1,...,k and for all n e H

L

.

ELET,D
"ot (n],...,m

] r

= Ag'avtM B .le",v"Dsln ,...
vIM( | n+JLt ,V ,(*ﬁ;], ,nn+k)/(P],...,Pn+k)})

At'tv'?‘" I; . t' V' C i l QOC,E ‘t{ 1; 5 o = ,[
{( J n+] * )( {('13"‘321.1)/( 1’ n) ( n+l : n+k)
/(P +1,...,En+k)})
E' ‘:{ M, geaa F - F }
s ( ] £ )/( 127> )J(

] S EEARELNRRE



so for all Myseses g € H

. .
- oF ,6{(n],...,nn)/(P!,...,Pn)}

SIC TN (

).

n PP
n+l? *Mhek

In particular for every n ¢ H"

- _ E',8{n/P}
(3) ‘.i()\ﬂm_],---,ﬂn+kﬁ(mf}n+},---,T}m_k)) = ud .

By (2) and (3) we get that for all n ¢ H®

E,8, = _ = -
o (n) = W(n,u(knn+],...,nn+ka(n,nn+l,...,nn+k))).

Since ¥ and © are clearly monotone, by lemma 2 we get

8

E,® E
(4) U(Waﬂ) = (U® ’ ’U(Ann+l,.-.’nn+k9(h® ? ’nn+19""nn+k)))o

But by definition for all Nyseeesn g € H

E,E'

8
(W(ﬂl,---,nn+k),9(ﬂ|,---,nn+k)) = ¢ ? ? (nl,-..,n ),

n+k

so
1
(5) u(y,2) = w8,
Now by (4), (5) and (3) we get (1).

We now prove ii).

Again all cases are straightforward with the exception of the same two ones.

CASE 1. S is E";R3 where E" = <Q.¢£ﬂ>? and R3 e R3. Let Q= (Q,,...,Q).
s 3= ‘ m

MRIE": RO (0)

= (by definition)

M(E,Q«B}[Q'/Q, ..., QB! [Q" /QTIR’LD" /D) (&)
where Q' = (Q',...,Qé) and Q;,...,Qé are the first variables ¢ PV
s.t. for i = 1,...,m Q{ does not occur in E,E" or R3.

= (by lemma 2)

H(E,Qp=B][Q"/Q1, ..., QeBI [Q"/Q1 IR7TQ"/Q) (8)



where Q" = (Q",...,Q;) and Q?,...,Q; are the first variables ¢ PV
s.t. for i = l,...,m QY does net occur in E,E',E" or R3
(by inductive assumption)

M(E,E", Qe8] rQm/Ql,... ,Q;«Bézi(—z”/ﬁl f RBKQ"/@) (8), since
by Unaghnicyo{(%z_,_Q” P. (j = n+l,...,n+k) does not occur in

- mo_ J. S
£,Q7e8](Q"/21,...,Q"=8! [3"/Q] or R[Q"/Q]. Also

d(E,E",Q)=8}[Q"/Q],...,Q=B![Q"/Q]) + d(R33"/AN

= d(E,E",E") + d(RB) < d(E,E") +d(S), so for

E, = E,Q|=B[Q"/Q],...,Q"=B![Q"/Q], E} = E' and §, = R°[3" /3]
ii) holds,

(by definition)

M(E,E" [E";RO) (8) .

CASE II. S is P(t,v) for some P ¢ PV, t ¢ IE and v ¢ IV. Then by definition
e . E,8
MEIP(t,v))(8) = 6{ud /(P],...,Pn)}(P)(t,v).

1) s olvowdy proved for E,E' and P(t,v), so

H(E,ETIP(L,v)) (8)

M(E'lP(t,v))(B{uQE’e/(P],...,Pn)})

IR O .
Biud /(Pl,...,Pn)}

i}

g wEsT
f',e't}i"i) /(Pl,--

{ud

.,P )}//
n
(P psee P ) T(®(E,v).

By assumption P ¢ Pn+j for j = 1,...,k, so clearly

which

IR TE N B ST

r
= 9y

E.&
&7 /(P L. . P )]
| n

3 /
E',e{p@E’°/<P],...,Pn>}
e

{ud
| el P ) TR (5,0,

voncludes the proof.
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This finishes the proof of lemma 3.

COROLLARY. Suppose that E = <Pi¢8i>?= ¢ E. Then for all 6 ¢ 0, t ¢ IE,

1
velland i = 1,...,n

MEIP, (£,v)) (8) = M(E|B;[t,v])(6).
PROOF. By definition

MEE IR, (£,v)) (0)

we™ %) (£, v)

@ ™), (£,v)

22>% (uo">%) (£, 0)

E,0
M( 1B, L, v]) (8{ue /(Pl,---,Pn)})

(by lemma 3i))
M(E| B, [t,v]1) (6).
Now we are in a position to prove theorem 1.

PROOF OF THEOREM 1.

i) We prove it by <£—induction w.r.t. (d(E)+d(S8),£(S)). All cases are
straightforward with the exception of the case when § is E;R3 for some

E=<p.«B>" ¢ F and R € R>. Then
1 1 1=l

MO(E;R3)(6) MO(RB)(e{qu’e/ﬁ}) where P = (ByseeesP)

MO<R3>(e{u¢E’e/§}>

I

by ind. assumption
"o = M IR otue 0B

M(E|R3)(e)

by lemma 3 i)

by lemma 2 = M(Q=B,[Q/F],...,q =B _[A/FIIRLA/FD) ()

where Q = (Ql""’Qn) and Ql""’Qn are the first

variables ¢ PV which do not occur in E or R3

by definition = M( |E;R>)(8).
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ii) Assume that E = <Pi@®i¥? ¢ F and let P = {Pl""’F }. We have

1=1] n

H

(by lemma 3 1))
MO s (s iueB B
N

(by 1)) = M( iS)(:’iiu%h"”'/P})

_" = MO(S)(G{uWE’@/E})

by definition = M_(E;begin S end)(8).

0

7. OPERATIONAL SEMANTICS

. . . . w
Now we introduce an operational semantics of our language. Let I
.. s e n
denote the set of all finite or infinite sequences of states and let

denote concatenation of two sequences. We define a function

Comp: S x £ x Env x E » ¥ as follows (Out(S,0,¢,E) denotes the iast
element of Comp(S,0,c,E) if that sequence is finite, and is undefined

otherwise):
Comp(vi=t,o,c,E) = <c{R{(t)(e,0)/L{v){e,0)}>

303 :
Comp(Rl;RB,@,s,E) = Comp(Rf,o,e,E)nComp(Rg,Out(R?,o,e,E),e,E)

I
=}

3 ) <c\”Comp(R?,o,s,E) if T(p)(e,0)
Comp(if p thenR’ else Ry fi,0,0,E) = { . 3
— <g>’Comp(R2,G,E,E) if T(P)(S,O)

1l
I

]

Comp (P(tr\,) »0,56,E) “‘i.‘yCOmP(B[t,V]aﬂ 5 € ,E)

where P=B is an element in the sequence E

. | \ i
Comp(var x3R ,0,¢,E) = fﬁ“\Comp(Rl(y/x},ﬂ,au<y,u>,E)
where y and o are like in (*) fromsection 5
2 v 2, 5
Comp(array a;R™,0,:¢,E) = <c>1Comp(R Lb/aj,a,cu<<b,v>,av>v I’E)
darray €

where <b,v>and<xvare like in (**) from section 5

. L3
Lunp(? =Bl,.r.,Pﬁ=bn;B ,0,6,E)

1
= o> Comp(R {5/5?,@,5,E,QI=BI[6/§],...,Qn¢ﬁn[6/§])

where Q = (Ql""’Qn)’ P = (Pl""’Pn) and
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Ql""’Qn are the first variables e PV such that
for each j = 1,...,n Qj do not occur in
E,P 3

[Bjse..,P eB or R,

Intuitively Comp(S,o,e,E) represents the sequence of successive states
of the computation determined by S from the initial state ¢ in the environ—
ment € and with procedure declarations E.

It is always assumed that ¢ is defined on all simple and array variables
which occur freely in E or S and that there are no procedure variables which
occur freely in Ejbegin S end. The last assumption is clearly necessary for

procedure calls.

8. EQUIVALENCE OF OPERATIONAL AND DENOTATIONAL SEMANTICS

Now we prove that operational and denotational semantics which we
defined are equivalent. Observe that in the definition of M(E[S)(8) (e,0)
it is not required that there are no procedure variables occurring freely
in E;begin S end. Thus M(E|S)(8) (e,0) can be defined whereas Comp(S,0,e,E)
not, so an additional assumption 1is necessary. This what we prove is the

following theorem:

THEOREM 2. Suppose that E ¢ £, S ¢ S and that there are no procedure
variables which occur freely in Ejbegin S end. Then for all e € Env, o € I

and © ¢ 0
M(E|S) (8) (e,0) = Out(S,0,c,E).

More precisely: either M(E|S) (8)(e,0) and Out(S,0,e,E) are both defined

and equal or are both undefined.

PROOF. Suppose that for some € € Env and ¢ € & Out(S,0,e,E) is defined.
We prove that then Out(S,o,e,E) = M(E|S) (8) (e,0).

Suppose by induction that it is true for all 6,S',0",¢' and E' satis-
fying the assumptions and such that the length of Comp(S',o',e',E') is
shorter than the length of Comp(S,0,e,E). We have to consider various cases
depending on the form of S. In all of them the claim follows straightfor-

wardly from the inductive assumption. Only the case of procedure calls is
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not obvious.

Suppose that § is P(t,v). Then
Qut(P(t,v),0,e,E) = Qur(Blt,v],s,e,E)
where PeB is taken from E. By inductive assumption
M(EIBLt,v])(8)(s,0)
is defined and equal to
OQut(Blt,v],o0,¢,E).
By corollary |
MEIBLt,v])(8)(c,0) = M(E|P(t,v)) (8)(c,0),

so the claim follows.
The proof that the converse implication holds, to which the rest of
the paper is devoted, is much more difficult. We shall need the following

lemma.

LEMMA 4. Suppose that for some E € E, ¢ ¢ Env, 0 ¢ T and S ¢ S

ke

inite sequence. Then for every E' ¢ E such that all

(]
o]
=
el
—~
Vi
-
]
-
g9}
S
©
[¥53
£
ey

i

variables occeurring freely in E' are declared in E the

awquences Comp(S,0,e,E) and Comp(S,c,<,E,E') are ideniical.

PROOF. We leave it to the reader. Proof proceeds by induction with respect

to the length of Comp(S,o,c,E).

n .

Picﬂi>i=l ¢ E (n20). Up till now we have
. E 6 . .

used the fact that the function ¢7°° is monotone. What we need now is that

P 1s continuous, 1i.e., that

Suppose that 8 ¢ @ and E = <

(k

i

(@]
»

bt
-

s

°

°
N’

E8f = -\ _ = g -
& kkgO ”k) kgo $ (nk) for all Ny

In
=3
I

We lvave the proof of this fact to the reader.
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Now define nk’e e H" (k 2 0) as follows:

@, ...,0)

n —times if k = 0
nE’e = E,08, E,0
k &7 (n,2 ) if k > 0,

where () is the empty function. Then, by continuity,

E,6
ud = kg

E,6
Onk .

- 3 n.
Now assume that £ > 0. Let for i = 1,...,4+] Ei = <P}=33>ji1 be a

system of procedure declarations and let S ¢ S.

DEFINITION 3. The sequence El.""Eﬂ.E£+l'S (where dots signify separators

and are used instead of commas in order to avoid ambiguities) is called

nested if

i) whenever a procedure variable P occurs freely in Ej then j > 1 and
P is declared in El""’Ej—l
ii) all procedure variables which occur freely in S are declared in

EpseensEpy
i) for £~ 0 d(E,, ) +d(8) « d(Ep) < ... - d(E,).

Intuitively a sequence E ¢...*E,*E S is nested if for j = 1,...,2
£ “L+1

1

Ej+l occurs in a procedure body of a procedure declared in Ej and S is

a statement in the scope of E£+1 (in a procedure body B@ (1 <jgs nz)).

J
0
If £ = 0 then 1ii) is plainly vatlid.

DEFINITION 4. Let El."‘.EK'E£+I.S be a nested sequence, 6 € @ and let

kl""’kﬂ be some non-negative integers. For i = 1,...,€~1 let

E,,6
k) T e{nkl /é‘}

E. B9
f i+1? ks /=
8- = 62 {n. 1/p. }
kiskig ki Uki4 / 1+]

= i i
where Pi = (P],...,Pni

depends on E ,...,E.. We drop indices indicating this dependence since no
1 3

confusion should arise.) If £ = O then simply egz is 8.

) and Ei stands for kl""’ki' (Strictly speaking BE.



A word of explanation should help. 8, , 1.e.,

fe
/ i
1 |

i
assigns to procedure variables ?i,...,?n!
meaning computed with respect to 9. &> | i.e.,

K
-~

the kl~th approximation of their

,

F

oy /e

. e 2 2
agrees with le on all procedure variables different from Pl""’P“ﬁ and
£
2 .} 3 3
assigns to P!,...,Pn the k,-th approximation of their meaning but now
. 7y

computed with respect to %- . And so on. Summarizing, values assigned to
. K

P}-—s where 1 < i < iQ < {, 1 € 3= n, enter the definition of the values

i
assigned to Pjo-s (where | = j niO)'
LEMMA 5. Assume that for some nested seguence E, E Epi =8, now-negative

integers k},...,kﬁ, 8 €0, £ e Envoand o ¢ & M(E€+I,S)(bgﬁ)(a,c)

7 R Ty myg
agjrined. iner

],...,h£+]).

M(E, .| 8- £.0) = Qut(S.o.¢.E
M t+!‘S)( kE)( ) Qut(S,o0,c,E

PROOF. With every nested sequence El-...-Ef-E£+1-S and non-negative integers

Ki,...,k( we assoclate an Tnrormation gegnence

(kl,...,ki,n,...,m,d(E€+1)+d{S},&(S))

c~times

where if = 0 then ¢ = d(E» ) +d(S) and else ¢ = d(E])—-@.
The following e\planatlon should clarify the above notion. Suppose

that H(E(+lis)(%£ )(e£,0) is defined. Then for any i = 1,...,£ and

j= l,...,ni duri;g the execution of § starting from the state ¢ in the

environment ¢ and with procedure declarations EI""’E€+] the stack of

currently gvtive procedures will never contain more than ki copies of

calls of P}. We can view ki_ ¢ as bounds associated with appropriate levels

of nesting d(Ei). We cannot say anything about the execution of other

procecures which could be called during the execution of S. ©-s stand for
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the bounds associated with each other level of nesting. On the whole there
can be at most d(E]) (or d(E£+1)+-d(S) if £=0) levels of nesting, which

explains the choice of c. If

)

Q1500058 _,a a
( 12 >“n’ " n+l1’"n+2

and

(B seeesbysby,ysbey)

are two information sequences, then by definition

(al""’an’an+l’an+2) < (bl""’bk+l’bk+2) iff n £ k

and

(a],...,an,a

) <£ (bl,,..,b b b

n+1°%n+2 02 P12 Py

< is clearly a well-ordering on the information sequences.
We prove the lemma by {-induction with respect to associated informa-
tion sequences. Let a be the information sequence associated with
*...*E,°E . SRR S im i r all
E1 2 Ept1 S and 1° s<p and assume that the claim is true for a

\l

nested sequences E;-...'Eé°Eé+]-S, non-~negative integers k;,...,ké, ' € 0,

£' ¢ Env and o' € I such that b < a where b is the associated information
sequence.

We have to consider various cases depending on the form of S.

CASE I. S is v:=t. Obvious.

CASE II. S is R?;R;. By definition

3..3 _
M(EEHIR];RZ)(GKE)(E,O) =
3 3
M(E£+)|R2)(9gz)(e,M(E£+]lR])(eEz)(g,c))_
Observe that

d(Ey, ) + AR < d(E,, ) +d(S)

IN

3 .
d(E£+1)4-d(R2) d(E£+l)-Pd(S),

3 3
so El""'EZ'E£+I.R1 and E1 ees E£ E£+1 R2 are nested sequences and clearly
for i = 1,2



[ &
[

3 el 3 7’
{ L 0 oo $ . <
(€ anenakn®s ey, d(Ey )+A(RD,ERD) £ a

¢.~times
i

where 1if € = 0 then ¢, = di£(+§§+diﬂf) and else ¢, = d(EI)—E, because
b o ) . . s
{(Ri} < L(8) for 1 = 1,2,

Thus by inductive assumption

M(E,

] 3 ~ ! 3 Doy s
a1 R (3 (oM TRD (5 ) (2,0))

3 3
=} ! > ) (e -
A(E€+!’RZ)(ﬁkz)(i’OUt(Ri’V’“’El"'"E

3 3 .
= Out(Ry,0ut(R],0,6,E 4 eeuyBp, )0 sE e By )

= 0ut(R3;R3,c,s,E

.o E,
1

1 {+l)'

CASE III. S is if p then R? else R3 fi. Similar to case II.

-

CASE 1IV. S is var x;Rl. Then

M(E,

) .,
[var x3;R ) (v
I QAL

RISRREICN R Ty/xD) (9 ) (zvsy,u7,0)

where vy and o are as in (%) from section 5. Observe that d(Rl[y/x]) = d(S),

k

SO El'...-Eg-EE+‘-Rl[ylx} is a nested sequence and since K(Rl[y/x]) < £(8)

) 1 1
(ki""’RC’m’""w?d(Ef+l)+d(R [ly/xD, LR [y/x])) < a

e e+

cj—times

where 1f £ = 0 then ¢, = d(E€+})+d(Ri[y/xi) and else ¢, = d(E])—ﬂ. So by
indurtive assumption
1
H(E“+I?R Py /e V(00 Y (euey,am,0)

L K
&

i

b,
Pl w ) Sy oy <
Out(R [v/x],0, u<y, 0 ’El""’E£+¥

)

ol . .
Qut(var x;R ,o,n,&l,...,h£+]),

. . 2 .
CASE V. S 1s array ajR7. Similar to case IV.




Then

CASE VI. S is E;R° where E = <QJ.<=BJ.>‘J?_1.

3
ME,, IE5RT) (6§£) (e,0)
M(E£+,,Q;eelté'/aj,...,Q;famta'/djrR3E6'/61><e§£><e,o>

where Q = (Q],...,Q ) s = (Q},. ..,Q%) and
;,...,Q& are the first variables in PV which

. 3
do not occur in E£+], E or R

(by lemma 2)
1" AR 1 PN 3 art/n
(B 5078, [0/, Qe R ANR AN (3 ) (210)

where Q" = (Q",...,Q ) and Q},...,Q" are the first

variables in PV which do not occur in E £+1,
3

E or R.

Observe that

i) all procedure variables which occur freely in

QY=£1[6"/6],...,Q;=Bm[5”/5] occur freely in E;

. . 3r=u /% .. .
ii) 1if a procedure variable occurs freely in R7[Q"/Q] then it is either

. . . 3
Qg for some 1 £ m or it occurs freely in E;R™;

iii) if d d(EKH,Q" B [Q"/Q],...,Q"eB [Q"/Q])+d(R [Q"/Q]) then
d = d(E,, 1)+d(E)+d(R3) < d(E,, 1)+d(E R)

~ e 3
Thus, since E]-...- E. £+1-E;R is a nested sequence,

By teontEytEg Q=R [Q7/Q], . ., Qo8 [3"/Q1-R13"/QT is a mested

sequence, as well.

Clearly, by 1iii)

(K yeneskpom, ey, d, LROIT/AD) < a
1 'e N e '
c]-times
where if £ = 0 then ¢, = d and else c. =

23

| | d(EI)—K, so by inductive assumption

M(E€+],QT«%IEQ"/QJ,...,Qchm[ﬁ"/allRBEﬁ”/QJ)(Gﬁz)(E,c)

= 0ut (R'[Q"/Q1,0,€,E 5+ ,Ey, |, QB [3"/Q1, ..., QB _[3"/Q)) =



2
i~

= {(by definition)

: ,3 .
DUt(E;}*\ ,;‘,;;f,‘r:],...,h{‘!_i).

CASE VII. S is P(t,v) for some P ¢ PV, t ¢« IE and v ¢ IV, Since

Ei...'.EE‘E£+I.P{t’V) 1s a nested sequence P 1s declared in El""’EE+1'

Subcase 1. P is declared in E!""’EE' Thus £ » 0 and for some 1 and j such

that 0 < 1 < £=1, 1 < j < n, P

i

P%*’. Then by definition

it . i .
M, 1P v (82 ) (e,0) = 80 XDy (e,v) (e, 0)
t+1°7 3 k, k, ]
£ 14
= G (P%+!)(t,v)(s,c) (where 1f 1 = 0 then 8> 1is 8)
<L Lk 3 k.
17 1+ 1
E. G
+1* k.
= (wk‘ 1) (t,v) (c,0)
1+] j
E. .02 , E. 82
- (r 1+1 hl(n i+1 kl>) (t,v) (£,0)
k, =1 .
1+] ]
E. B>
) . 1+1° k. . .
hecause ki+l > 0, since (nk l) (t,v)(e,0) is defined
i+] ]
1+ k./ 1+l ki
-, Hn, (t,v) (£,0)
J hi+1-] /
/
. E. 8+
, 1+] o 1+17 ks /= \
= MU B Le,vDiue {n‘ 1/%. } (v y0)
] \k_L K oh /i /
= M ‘i+i IREEES L0
bj t,v( K.k RRACH R

), so clearly E_-...°E.

1+ 1 i+1

a nested sequence. By definition

Observe that d(83+‘§t,v]) < d(E . 'B%+][t,v] is
J

1+ N ol
R [CH LR (B;+lft,v])) <a,

an . .
N

cl—times

where {(since ¢ © 0) o = d(E})— (i+1). Thus by inductive assumption

"y i"i+|1 ’ -
‘.( ‘hj ‘t’\"!)(tk_’k,

) (es0)
17 i+l

= Q0 [(Pi lrf i E E
t 5. ! A NS B «ne -
! i SV, 05t l, s 141
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1]

)

i+1
Out(Pj (t;w,o,e,E],...,Ei+1

(by lemma 4 (which assumptions are satisfied since

E1~..:-E£+1-S is a nested sequence))

1+1
Out(Pj (t,v),o,a,E],...,E£+]).

Subcase 2. P 1s declared in E£+I‘ Thus for some 1 such that 1 < 1 < Mo

P = Pi+1. This means that d(E£+1) >0, so if £ > 0 then, since

El"".EZ.E£+1'S is a nested sequence, there are £ natural numbers smaller

than d(El)’ which implies that d(E]) > £+1. By definition

£2+1 _
M(E£+1|P- (t,V))(SKZ)(E,o) = \u

1

E , 0>
p 1 kﬂ) (t,v)(e,0)

1

E , 07
(kijo Tt k/é)‘(c,v)(e,c)
1

]

E , 07
= (nkf-;-l kz).(tav) (330)
1

E,. .,07
£+1 kﬂ) (t,v)(e,0) is defined)

for some k = 0 (because (kgo n
i

E 6> E B>
B 2417 kgl “2+17 7 kp )
= <¢ \nk //i(t,V)(E,G)

B, ,0> ,E, 0>
Al ke(n L] kﬁ\(t,V)(e,O)
L k }

H

E 6>
L+1 L£+1°7k IR
M( |Bi [t,V])<9E£{nk %/%£+]I/(C,0)

“p BECRICOE

[}

MC IB

+1 L+1
Observe that d(Bf [t,v]) < d(E£+l)’ so clearly E]-...-E£+]- -Bi [t,v]

is a nested sequence. By definition

(kK,,.--,k ,k,m,...,oo,d(BJ.iH[t,v],K(B”e‘”[t,VJ))< a
1 I ARNESRES A i 1
c]—times
where if £ = 0 then ¢ = d(Bf+1[t,v]) and else c, = d(E])-(£+]),

because k < o,
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By inductive assumption

dC B e e e,
1 xg,k

H

£+lv‘ ] -
Out(Bi Lt,Vj,G,i,El,...,EE+l)

i

A+ . L
Out(ii (t,V),u,h,El,...,E£+l)-

This finishes the proof of lemma 5.

Now the proof of theorem 2 is immediate. Namely, suppose that for some
¢ ¢ Envoand o e T M(EIS)(8)(¢,0) is defined. Then by assumptions of theorem

2 E+S is a nested sequence. Taking £ = 0 and applying lemma 5 we get that

M(E1S)(8)(e,0) = OQute(S,0,¢,E)

what was to be proved.

Observe that the results of this paper hold also for the appropriate
fragment of ALGOL 60. If we require that the variables have a dynamic scope
instead of a static one then after the appropriate changes in all three

semantics (for example putting

Mvar xR (8) (5,0) = MR (8) (e7,0),

where
« ify = x
T y) = {

e (y) if v 7 x

and « is the first address not in range(e)) the same results hold.

Infact, in both cases the same proofs work.
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